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ABSTRACT

Multi Dimensional Second Order Defuzzification Algorithm
(SODA) minimizes the hardware requirement and ensures
casier implementation of a fuzzy controller as compared to the
LUT and the triangular membership approach when extended
to mulfiple dimensions. In this paper we have put forward the
extension of the SODA to muitiple dimeasions. Fuzzy controllers
can handle multiple inputs and outputs however size of the fuzzy
table grows exponentially with each input added. In this paper
we put forward the extension of SODA into 4 Dimension using
three six bits input, (8 x 8 x 8) and (4 x 4 x 4) fuzzy look up
tables (LUT) were used each having 512 and 64 values
respectively. The system uses three inputs, the upper three bits
of each input are used for addressing the exact position of the
nearest data point in the look up table, and the rest of the input
is the information about the membership function. The
advantage of this method over other defuzzification methods
like the LUT and the triangular membership function approach
is its extensibility to muitiple dimensions with the efficient usage
of a relatively smaller look wp table, which minimizes the
hardware requirement and ensures easier implementation, In
this paper we also demonstrate the extension of the method to
more than 4 dimensions.

1 INTRODUCTION

Fuzzy Logic, a direct extension of fuzzy system that Lotfi
Zadeh introduced in 1965 [1] resembles human reasoning in
its use of approximate information and uncertainty to
generate decisions. Fuzzy logic has been applied in a wide
variety of disciplines such as system identification,
classification, control and decision support [2]. Fuzzy logic
mathematically represents uncertainty and vagueness and
provides formalized tools for dealing with imprecision in
many problems. Stability analysis and systematic design are
the most important issues for fuzzy control systems
[4]1[51(12][13]. Fuzzy logic helps in using information, which
is not precise or is incomplete. Knowledge can be expressed
more naturally using Fuzzy logic and thus problems requiring
decision-making can be greatly simplified. Fuzzy logic can
be considered to be the superset of Boolean logic. Fuzzy
logic is a very useful tool to handle approximate information
in a very systematic way and makes it an attractive option
when it comes to nonlinear systems control,
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The system can be classified using the Fuzzy If-Then rule
and this classification method differentiates Fuzzy Systems
from other approximation metheds [1]. Fuzzy systems can be
implemented by converting human knowledge to Fuzzy
Rules [2]{3). In recent years, digital designers have been very
interested in fuzzy systems because of its ability to be
applicable in non-linear controllers [3]. Using the established
methods [1][7][9] for defuzzification, the control surfaces
obtained are rough and there extension to muitiple
dimensions results in increasing the size of the hardware and
thus increasing the computational complexities te overcome
this difficulty we proposed the use of second order
defuzzification in our previous paper [2]. Here we have
proposed the extension of this method to multiple
dimensions. We have demonstrated the extension of this
method to 4% dimension and also proposed the extension of
this method to higher dimensions. Using this approach five-
dimensional implementation on a FPGA [6] can be achieved
(3x5=15 bit LUT address), as the size of the LUT is much
smaller as compared to the ones used in other approaches.

We considered a three-dimension surface; s = cos (x) * sin
(y) * cos (z) to compare the results obtained by LUT,
Triangular and M-SODA. The required control surface is
shown in the Fig. 1, the plot of a 4 dimensional figure is
obtained by keeping one of the dimensions constant. Here z is
kept constant and the plot is obtained to compare the results.
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Fig. 1 Required control surface of function s=cos (x)¥sin (y)*cos (z)
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Classical Look Up Table approach

Using the classical LUT approach, using a 4x4x4 and
8x8x8& LUT the results obtained are shown in the Fig. 2 and
Fig. 3, which shows that the surface obtained are very rough
and are unacceptable in most applications. This plot was
obtained by keeping one of the dimensions constant. To
obtain a control surface as smooth as the one obtained by
SODA in Fig. 19 the size of the LUT will increase
considerably.

Triangular Membership Function Approach

We have used the Tagagi Sugeno method [10]{11] as
shown in Fig. 4 having 8 membership function as we have
lower 3 bits providing information about the membership
functions. The results obtained wusing the Triangular
Membership Function approach with 4x4x4 and 8x8x8 LUT
[8] are shown in the Fig. 5 and Fig. 6. The results obtained
using this method were satisfactory but at the same time the
error generated using this method is unacceptable for most
applications. The error plots are shown in Fig. 7 to Fig. 8.

Fig. 2 Look up table results (4x4x4) LUT

Fig. 3 Look up table results (8x8x8) LUT

In the next section we discuss the Triangular membership
function where the error is reduced considerably as compared
to the Classical L0T approach.
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Fig. 4 Triangutar membership function

Fig. 5 Triangular approximation (4x4x4) LUT
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Fig. 7 Error surface for the Triangular membership function approach
(4x4x4) LUT
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Fig. 8 Error surface for the Triangular membership function approach
(8x8x8) LUT

With increasing the size of the LUT the error reduces as
can be observed from Fig. 7 and Fig.8 but at the same time
the hardware implementation and computational complexities
increases. Using the second order defuzzification algorithm
proposed in this paper we get better results for a 3-bit input
with a substantial reduction in errors [2].

2 SECOND ORDER DEFUZZIFICATION
ALGORITHM (SODA)

To explain this concept we shall first list the equations
derived for a 1-D case and then consider the 2-dimension
approach.

Algorithm in 1-D

Consider a Second order equation of the form

y(x)=x(ax+b)+c (H
Where the values of a, b and ¢ are as follows:
c=y @
b=y, -y, &)
a:O'zs(yl _Y2“Y3+y4) 4

The detailed derivation of the above equations can be
obtained in our previous paper [2]. The equations are derived
referring to the Fig. 9.
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Fig 9 Second Grder Defuzzification Algorithm in 1-I
Application of SODA to Single dimension

We considered a simple y = sin {x) function and applied the
Classical LUT [8], Linear approximation and SODA to
obtained results depicted in Fig. 10-12. The dotted line
shows the plot of the original function.
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Fig. 10. Data stored in LUT
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Fig. 11 Linear approxitnation

The above Figs. 10 and 11 shows that the surface obtained
by using the LUT and Linear approximation are not smooth.
Now applying the concept of the SODA explained in our
previous paper [2] we have plot the curve shown in Fig. 12,
As we can see the obtained surface is very smooth and almost
similar to the required surface. The error plot shown in Fig.
13 proves the error obtained by this method is very small.
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Fig. 12 Second Order Defuzzification for 1-D
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Fig. 13 Error using Second Order method in 1-D
Extension of SODA to 2-Dimension

Special approach has to be taken to extend the concept into
multi-dimension. Here we are considering only 2-dimension
and extension of the method to higher dimensions is
discussed later. The fuzzification interface takes two 6 bits
input from an analog to digital converter of which the higher
3-bits are the address bits and the lower bits provide
information about the membership index of the input fuzzy
groups. The membership function used here is the symmetric
triangular membership function as shown in the Fig, 4. The
points marked in the Fig. 14, represent the data points in the
LUT [8] and the point marked ‘X" is the input.
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Fig. 14 Twelve points used for calculation surrounding the input point

Now in this algorithm the approximation is done both in
the X and Y direction, using the 8 adjacent points in the X
and Y directions shown in the Fig. 14. Following the
algorithm and using equations (17) and (18) four points in
each direction are approximated from the 8 adjacent points as
shown the dotted lines in Fig. 15.
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Fig. 15 Reduction of twelve points from the Fig, 17 to 8 points for
calculating first and second order derivative.

Now these 4 points are approximately in line with the
required input point, in both the directions. Thus the second
order defuzzification algorithm applied to single dimension is
applied in both X and Y direction separately following the
same procedure explained in the previous section and 2
points are cbtained. Taking the average of these two points
we obtain the final result and the entire procedure is followed
for all the input data clements. Several tests were carried out
for testing the SODA and the results are listed in the
following section.
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Extension to Three Dimensions

The main purpose of this paper was to put forward the
concept of extension to multiple dimensions. Here we put
forward the extension of the algorithm to 3 dimensions,
however this is done by finding the required points in two
dimension say x and y, keeping the value in z constant. Thus
the points are calculated varying two dimensions at a time.

x=rx,+(-r)x,
A

/ ' §=r.y,+(l—r,)y,
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x=rx +(1-r)x,
Fig. 16 Three-dimensional representation.

The above figure shows the three-dimensional
representation.
x=F X, +H(1-r )x, an
y=ry+(-r )y, (18)
z=ry,+(-r)z, (19)

Using the Equations (17) {18) and (19) the required point is
obtained using 36 points, 12 in each dimension. Now using
these 12 peints in ecach dimension 8 more points are
calculated as discussed in the 2-Dimension approach. These 8
points are used to calculate one point marked ‘x’ using
SODA in each dimension and thus we end up with 6 points
which are averaged out to find out the required point. This
concept ¢an be applied to higher dimension keeping two
dimensions as variable and keeping the remaining constant,
though the accuracy of the algorithm might decrease with
increase in dimensions.

Experimental Resuits

The sample surface is s = sin {x) * sin (y) * cos (z} as
discussed in the Introduction and the original surface is
shown in Fig. 1. We first plot the data points that are stored in
the 4x4 and 8x8x8 LUT shown in figures 17 and 18
respectively.

Fi

g. 17 Stored data in the 4x4x4 look up table (2 bits per input)

Fig. 18 Stored data in the 8x8x8 look up table (3 bits per input)

Results obtained by using the proposed algorithm are
shown in the Figs. 19 and 20 using the 4x4 and 8x8 LUT [9]
respectively. The results were obtained by carrying out
MATLAB simulations.

Fig. 19 Second Order Defuzzification (4x4x4) (2 bits per input)
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Fig. 20 Second Order Defuzzification (Bx8x8)

As we can see from the above figures the surface obtained
is very smooth.

3 CONCLUSION

Most of the Fuzzy Controllers are used where the control
surfaces is not smooth and thus cannot be used for application
where one requires precision control. By using the proposed
SODA method we observe that control surfaces as shown in
Figs. 19 and 20 are very smooth and relatively closer to the
original stored surface in Fig. 1 as compared to the control
surfaces obtained by using LUT approach Figs. 2 and 3,
Triangular Membership function approach Figs. 5 and 6. This
can also be proved by comparing the error plots obtained for
the Triangular Membership function approach Figs. 7 to 8
and SODA Figs. 21 to 22.

The size of the LUT is reduced considerably as compared
to the Classical LUT and triangular membership function for
obtaining such smooth surface. Using this method there is a
lot reduction in memory requirement, which reduces
computational  complexities and makes hardware
implementation easier for higher dimensions.

Fig. 21 Error surface for the proposed SODA method (4x4x4) LUT
(2 bits per input)

Fig. 22 Error surface for the proposed SODA method (8x8x8)
LUT (3 bits per input}
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