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SUMMARY
In this work, a new dynamical on-line learning algorithm for robust model-free neuro-adaptive control
of a class of nonlinear systems with uncertain dynamics is proposed and experimentally tested in order
to evaluate its performance and practical feasibility in industrial settings. The control application studied
is the trajectory tracking control task for the first three joints of an open architecture articulated robot
manipulator. The control scheme makes use of variable structure systems theory and the feedback-errorlearning concept. An inner sliding motion is established in terms of the neurocontroller parameters, aiming
to lead the error in its control signal towards zero. The outer sliding motion bears on the system under
control, the state tracking error vector of which is simultaneously driven towards the origin of the phase
space. The existing relation between the two sliding motions is shown. Experimental results illustrate
that the proposed neural-network-based controller possesses a remarkable learning capability to control
complex dynamical systems, virtually without requiring a priori knowledge of the plant dynamics and
laborious start-up procedures. Copyright q 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION
The increasing complexity of today’s dynamical systems is frequently coupled with unknown
dynamics, modelling errors, various sorts of disturbances, uncertainties, and noise. This creates a
need for advanced control design techniques that are able to overcome limitations on traditional
feedback control techniques. Along these lines, numerous research activities have been reported
in the literature in the area of the so-called ‘universal model-free controllers’ that do not require
a mathematical model of the controlled system but instead are able to learn on-line the systems
that they are to control so that the performance can automatically be improved.
The use of artificial neural networks (NNs) is a common suggestion in this respect and NNbased controllers have nowadays entered the mainstream of control theory as a natural extension
of adaptive control to systems that are nonlinear in the tunable parameters [1]. Most of the existing
training methods for NNs rely on the gradient descent methodology and involve the computation of
partial derivatives, or sensitivity functions. In this respect, they can be considered as extensions of
the well-known backpropagation algorithm for multilayer feedforward neural networks (MFNNs)
[2] and hence they inherit some of its major drawbacks among which, in particular, is the difficulty
to obtain analytical results concerning the convergence and stability of the learning schemes [3].
Recent research on the application of NNs for control has begun to address the closed-loop system
structure and stability issues more rigorously [4]. The investigations in this area have been split
over two main research directions. It has been shown in several works that the Lyapunov approach
can be directly implemented to obtain robust training algorithms for continuous-time NNs [5–8].
Another proposed way to design a robust learning scheme is to utilize the variable structure
systems (VSS) theory in constructing the parameter adaptation mechanism of the NNs [9–15]
since the robustness of the variable structure control (VSC) scheme against unmodelled dynamics,
disturbances, time delays and nonlinearities is well known [16].
Robotic manipulators are hard to control nonlinear systems that are frequently used as a test
bed for evaluation of new control methods. Their coupled nonlinear equations with time-varying
parameters and the ambiguities in the friction-related dynamics inevitably require the use of flexible
control architectures. In the past decade, the applications of intelligent control techniques (fuzzy
control or NN control) to the motion control for robot manipulators have received considerable
attention [11, 17–21].
The motivation of this study is to design a stable neuro-adaptive control scheme for tracking
control of rigid-link robot manipulator with a guaranteed error convergence and without a requirement for prior knowledge of the dynamics of the controlled plant. The control scheme makes
use of VSS theory [16] and the feedback-error-learning concept [22, 23]. The effectiveness of the
proposed approach has been experimentally tested and its potentialities from a practical point of
view, in terms of robustness and stability, have been verified.
Section 2 presents the developed on-line learning algorithm, the sliding mode feedback-errorlearning control scheme and introduces the equivalency constraints on the sliding control performance for the plant and the learning performance for the neural network feedback controller
(NNFC). Section 3 describes an experimental real-time application of the proposed control scheme
to the trajectory tracking control task, simultaneously implemented to the first three joints of a five
degrees-of-freedom open architecture (OA) articulated robot manipulator (model CRS255, also
known as CataLyst-5, produced by Quanser Consulting Inc.). Finally, Section 4 summarizes the
results of this investigation.
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2. THE SLIDING MODE FEEDBACK-ERROR-LEARNING APPROACH
2.1. Initial assumptions and definitions
Consider the two-layered feedforward NN with a scalar output, implemented as a NNFC. Its
topology is shown in Figure 1. The following definitions will be used:
X (t) = [x1 (t), . . . , x p (t)]T is the vector of the time-varying input signals augmented by the bias
term.
THn (t) = [nH 1 (t), . . . , nH n (t)]T is the vector of the output signals of the neurons in the hidden
layer.
n (t) is the scalar signal representing the time-varying output of the network.
W 1(t)(n× p) is the matrix of the time-varying connections’ weights between the neurons in the
input and the hidden layer, where each matrix’s element w1i, j (t) denotes the weight of the
connection of the neuron i from its input j.
W 2(t)(1×n) = [w21 (t), . . . , w2n (t)] is the vector of the connections’ weights between the neurons in the hidden layer and the output node. Both W 1(t)(n× p) and W 2(t)(1×n) are considered
augmented by including the bias weight components for the neurons in the hidden layer and
the output neuron, respectively.
f (·) is the nonlinear, differentiable, monotonously increasing activation function of the neurons
in the hidden layer of the network (e.g. log-sigmoid or tan-sigmoid function).
The derivative of the activation function f (·) of the neuron i from the hidden layer is denoted
as Ai (t), where
d
0<Ai (t) =
dt

 
f

p



w1i, j x j

B A

∀i, j

(1)

j=1

and B A corresponds to its maximum value.
The neuron in the output layer is considered with a linear activation function.

Figure 1. Multilayer feedforward neural network used as a controller.
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Figure 2. Block diagram of nonlinear regulator sliding mode feedback-error-learning scheme.

The output signal nHi of the ith neuron from the hidden layer and the output signal of the
network n (t) are defined as follows:


p

n
 Hi = f
w1i, j x j = f (W 1i X )
(2)
j=1

n


n (t) =

i=1

w2i nHi = W 2THn

(3)

The NNFC is assumed to operate within an adaptive control scheme, the general structure
of which is presented in Figure 2. A proportional plus derivative (PD) controller (depicted as a
conventional feedback controller (CFC) block in Figure 2) is provided both as an ordinary feedback
controller to guarantee global asymptotic stability in compact space and as an inverse reference
model of the response of the system under control.
It will be assumed (due to the existence of a CFC controller in the scheme) that the input vector
of the NNFC and its time derivative are bounded, i.e.

X (t) = x12 (t) + · · · + x 2p B X ∀t
(4)
 Ẋ (t) =



ẋ12 (t) + · · · + ẋ 2p (t)B Ẋ

∀t

(5)

with B X and B Ẋ being known positive constants.
Due to the physical constraints, it is also assumed that the magnitude of all vectors row W 1i (t)
constituting the matrix W 1(t) and the elements of the vector W 2(t) are bounded, i.e.

2 (t) + w12 (t) + · · · + w12 (t)B
W 1i (t) = w1i,1
(6)
W 1 ∀t
i, p
i,2
|w2i (t)|  BW 2

∀t

(7)

for some known constants BW 1 and BW 2 , where i = 1, 2, . . . , n.
(t) and ˙ (t) are considered also as bounded signals, i.e.
|(t)|B , |˙(t)|B˙

∀t

(8)

where B and B˙ are positive constants.
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2.2. The VSC-based on-line learning algorithm
In the feedback-error-learning approach proposed in [23], the control signal of the CFC is used as
a learning error for the NNFC. A VSC-based on-line learning algorithm is applied to the NNFC
in this investigation to replace the gradient-based algorithm used earlier in [22, 23]. This leads to
the establishment of an inner sliding motion in terms of the neurocontroller parameters, aiming to
lead the learning error towards zero. Thus, the control of the plant is gradually transferred from
CFC to NNFC. Moreover, an outer sliding motion also takes place. It bears on the system under
control, the state tracking error vector of which is simultaneously driven towards the origin of
the phase space. In Section 2.3, the relation between the two sliding motions will be shown. The
sliding surface for the system under control s p (e, ė) and the zero adaptive learning error level for
the controller sc (, n ) are defined as follows:
s p (e, ė) = ė + e

(9)

sc (n , ) = c = n + 

(10)

with  being a constant determining the slope of the sliding surface.
Definition 1
A sliding motion will have a place on a sliding surface sc (n , ) = c (t) = 0, after a hitting time
th , if the condition sc (t)ṡc (t) = c (t)˙c (t)<0 is satisfied for all t in some nontrivial semi-open
subinterval of time of the form [t, th ) ⊂ (−∞, th ).
The learning algorithm for the neurocontroller weights W 1(t) and W 2(t) has to be derived in
such a way that the sliding mode condition of Definition 1 will be enforced.
Let us denote as ‘sign(sc )’ the signum function, defined as follows:
⎧
1 for sc (t)>0
⎪
⎨
0 for sc (t) = 0
sign(sc ) =
⎪
⎩
−1 for sc (t)<0

(11)

To enable sc = 0 is reached, the following theorem is introduced.
Theorem 1
If the adaptation law for the weights W 1(t) and W 2(t) of NNFC is chosen, respectively, as
w2i x j
XTX

ẇ1i, j = −

ẇ2i = −

 sign(sc )

nHi
(THn )T THn

(12)


 sign(sc )

(13)

with  being sufficiently large positive constant satisfying
>n B A BW 1 B Ẋ BW 2 + B˙
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then, given an arbitrary initial condition sc (0), the learning error c (t)will converge to zero during
a finite time th which may be estimated as
th 

|sc (0)|
 − n B A BW 1 B Ẋ BW 2 + B˙

(15)

and a sliding motion will be maintained on c = 0 for all t>th .
Proof
Consider Vc = 12 sc2 as a Lyapunov function candidate. Then, differentiating Vc yields
d
dt

V̇c = sc ṡc = sc (˙ + ˙ ) = sc
n


= sc

n


i=1



+

i=1

+

n


nHi

i=1

(THn )T THn

Ai

p



= sc − sign(sc ) −

=− +

i=1

 −|sc | + sc

w2i f




+ ˙

w1i, j x j

j=1


(ẇ1i, j x j + w1i, j ẋ j ) + ˙

n



 sign(sc )x j w2i + w1i, j ẋ j w2i

Ai w2i2 sign(sc ) +

Ai w2i2 |sc | +
n


p


j=1







 sign(sc )nHi

i=1
n


p


w2i Ai

w2i x j
−
XTX

j=1

n


i=1

i=1

n


= sc −
n


ẇ2i nHi



Ai w2i

i=1

p


n


Ai w2i

i=1

n


Ai w2i

i=1

p


p


+ ˙


w1i, j ẋ j + ˙

j=1


w1i, j ẋ j + ˙ sc

j=1


w1i, j ẋ j + ˙

j=1

 −|sc | + (n B A BW 2 BW 1 B Ẋ + B˙ )|sc |
= |sc |(− + n B A BW 2 BW 1 B Ẋ + B˙ )<0

∀sc  = 0

(16)

Inequality (16) means that by applying the adaptation law for the weights of the NNFC as in
(12) and (13) the controlled trajectories of the learning error sc (t) will converge to zero in a stable
manner since the negative definiteness of the time derivative of the above Lyapunov function is
ensured.

It is possible now to be shown that such a convergence will take place in finite time.
The differential equation that is satisfied by the controlled error trajectories sc (t) is as
Copyright q
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follows:
ṡc (t) = − 1 +

n


Ai w2i2  sign(sc ) +

i=1

n


Ai w2i

i=1

p


w1i, j ẋ j + ˙

(17)

j=1

For any tth , the solution, sc (t), of this equation, with initial condition sc (0) at t = 0, satisfies
 t
ṡc () d
sc (t) − sc (0) =
0

 t

=

− sign(sc ()) 1 +

0

+

n

i=1

n


Ai ()w2i ()

i=1

p


Ai ()w2i2 ()


w1i, j ()ẋ j () + ˙ () d

(18)

j=1

At time t = th the solution takes zero value and, therefore,


 th n

2
Ai (t)w2i (t) dt
−sc (0) = − sign(sc (0)) th +




th

+
0

0

n


Ai (t)w2i (t)

i=1

i=1

p




w1i, j (t)ẋ j (t) + ˙ (t) dt

(19)

j=1

By multiplying both sides of the equation with −sign(sc (0)) the estimate of th in (15) can be found
using the following inequality:
 th n

|sc (0)| = th + 
Ai (t)w2i2 (t) dt
0

i=1



− sign(sc (0))

th

0


0

n


Ai (t)w2i (t)

i=1

n


th

  th +



i=1

p



w1i, j (t)ẋ j (t) + ˙ (t) dt

j=1

Ai (t)w2i2 (t) dt − (n B A BW 2 BW 1 B Ẋ + B˙ )th

 [ − (n B A BW 2 BW 1 B Ẋ + B˙ )]th

(20)

Obviously, for all times t<th , taking into account the sliding mode controller gain  in (14), it
follows from (17) that
sc (t)ṡc (t) = −|sc (t)| 1 +

+

n

i=1

n


Ai (t)w2i2 (t)

Ai (t)w2i (t)

i=1

p



w1i, j (t)ẋ j (t) + ˙ (t) sc (t)

j=1

 (− + n B A BW 2 BW 1 B Ẋ + B˙ )|sc (t)|<0

(21)

and a sliding motion is sustained on sc (t) = 0 for t>th .
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Let us now analyse the case when a bounded noise is added to the NNFC inputs. It will be
assumed that H (t) = [1 (t), . . . ,  p (t)]T is an augmented vector-valued norm-bounded external
perturbation input which is added to the input vector X (t). Its last element  p (t) is considered to
be equal to zero. This means that the constant input to the bias weight is regarded as a fixed value
without an influence of perturbation signals on it.
It is also assumed that the perturbation input H (t) is not ‘larger’ than the input X (t), i.e.

H (t) = 21 (t) + · · · + 2p (t)B H <B X ∀t
(22)
Ḣ (t) is assumed to be also bounded, i.e.

 Ḣ  = ˙ 21 (t) + · · · + ˙ 2p (t)B Ḣ

∀t

(23)

The perturbed output signal ˆ nHi of the ith neuron from the hidden layer and the perturbed output
signal of the neurocontroller ˆ n are defined as follows:


p

n
ˆ Hi = f
w1i, j (x j +  j ) = f [W 1i (X (t) + H (t))]
(24)
j=1

ˆ n =

n

i=1

w2i ˆ nHi = W 2T̂Hn

(25)

where T̂Hn = (ˆnH1 , . . . , ˆ nHn ).
Hence, the learning error can now be expressed as follows:


p
n


n
ŝc = ˆ +  =
w2i f
w1i, j (x j +  j ) + 
i=1

(26)

j=1

Let us consider the following perturbed adaptation law for the weights in NNFC:
w2i (x j +  j )

ẇ1i, j = −

(X + H )T (X + H )


ˆ H i
a sign(ŝc )
ẇ2i = −
(T̂Hn )T T̂Hn

 sign(ŝc )

(27)

(28)

It is easy to be verified that the weights adaptation law (27), (28) results in the following perturbed
learning error dynamics:
p
n
n



ŝ˙ c (t) = − 1 +
w1i, j (ẋ j + ˙ j ) + ˙
Âi w2i2  sign(ŝc ) +
Âi w2i
i=1

i=1

where
d
0< Âi (t) =
dt
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p


(29)

j=1


w1i, j (x j +  j )

B A

∀i, j

j=1
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The robustness result is summarized in the following theorem whose proof is similar to that of
Theorem 1.
Theorem 2
A sliding motion will have place on the zero learning error manifold of the NNFC, including a
perturbed input vector, if the adaptation law for the weight vectors w1i, j and w2i is chosen as in
(27) and (28) with  being a positive constant satisfying
>n B A BW 1 BW 2 (B Ẋ + B Ḣ ) + B˙

(30)

For any arbitrary initial condition ŝc (0), the perturbed learning error will converge to zero in tˆh ,
estimated by
tˆh 

|ŝc (0)|
 − n B A BW 1 BW 2 (B Ẋ + B Ḣ ) + B˙

(31)

despite all possible assumed (bounded) values of the perturbation inputs and their time derivatives.
Moreover, a sliding motion is sustained on ŝc (t) = 0 for all t>tˆh .
2.3. Relation between the VSC-based learning of the controller and the sliding motion in the
behaviour of the system
A relation between the sliding manifold s p , as defined in (9), and the zero adaptive learning error
level sc in (10), can be established when the slope constant  is taken as
=

kP
kD

(32)

It is then determined by the following equation:
sc = c = k D ė + k P e = k D ė +

kP
e
kD

= kDsp

(33)

where k D and k P are the gains of the PD controller.
The tracking performance of the system under control can be analysed by introducing V p = 12 s 2p
as a Lyapunov function candidate.
Theorem 3
If the adaptation strategy for the adjustable parameters of the NNFC is chosen as in Equations
(12) and (13), then the negative definiteness of the time derivative of the above Lyapunov function
is ensured.
Proof
Evaluating the time derivative of the Lyapunov function V p yields:
V̇ p = ṡ p s p =


1
ṡc sc
k 2D

1
|sc |(− + n B A BW 2 BW 1 B Ẋ + B˙ )<0
k 2D

∀sc , s p  = 0

(34)
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Remark 1
The obtained results mean that, assuming the VSC task is achievable, utilization of c as the
learning error for the NNFC together with the tuning law of (12) and (13) enforces the desired
reaching mode followed by the sliding regime for the system under control. It is straightforward
to prove that the hitting occurs in finite time (see the second part of the proof of Theorem 1).

3. TRAJECTORY TRACKING CONTROL OF AN ARTICULATED
ROBOT MANIPULATOR
The effectiveness of the proposed sliding mode neuro-adaptive control approach has been experimentally tested by implementing the control scheme in real-time simultaneously for trajectory
tracking control of the first three joints of an OA articulated robot (CRS255/CataLyst-5, produced
by Quanser Consulting Inc.).

3.1. The CRS255/CataLyst-5 open architecture articulated robot manipulator
The CRS255 is five degrees-of-freedom articulated robot manipulator (see Figure 3). It has five
joints powered by five motors. Figure 4 specifies the joints of the robot while it is in its home
position. The system is supplied with a CRS C500 controller and has all the capabilities of an
industrial robot.

Figure 3. The CRS255/CataLyst-5 manipulator.
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Figure 4. A detailed view of the axes of rotations and their ranges.

An OA means that there exists an additional possibility to control the manipulator from a
personal computer (PC), equipped with a data acquisition and control board, by directly sending
voltages to control the motors. The system uses the MultiQ-3 data acquisition and control board
produced by Quanser Consulting Inc. The OA system allows the user to switch back and forth
from its own controller to the C500 controller seamlessly. The WinCon software package, supplied
with the system, allows the user to run controllers directly from Matlab/Simulink environment. It
is a real-time Windows application that runs Simulink generated code using the Matlab Real-Time
Workshop package.
The block diagram in Figure 5 shows the OA approach. Through the analog switches all signals
can be routed to and from the MultiQ board as opposed to the CRS C500 controller. This allows
full control over the motors and direct measurements from the robot encoders and other signals of
relevance.

3.2. Experiments carried on with a smoothed square wave reference signal
Three identical NNs (one per joint) have been used as NNFCs. The implemented network structure
of each neurocontroller has been with an input layer consisting of four neurons, a hidden layer
with five neurons and one neuron in the output layer. The initial weights have been randomly
generated by using the Matlab command randn with a subsequent division by 15. The parameter
 of the sliding mode learning algorithm has been selected as  = 0.5.
The square wave signals used as reference signals to be followed have been smoothed
using a filter consisting of two consecutively connected blocks each with a transfer function
G(s) = 25/(s 2 + 10s + 25). The parameters of the reference signals for each controlled joint have
Copyright q
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Figure 5. Open architecture operation using the MultiQ data acquisition and control board.

been chosen as follows:
Joint 1: amplitude of the signal −8, bias 7.7, and frequency /2.4 rad/s.
Joint 2: amplitude of the signal 4, bias −20, and frequency /3.6 rad/s.
Joint 3: amplitude of the signal 12, bias 30, and frequency /4.8 rad/s.
The ode1 ordinary differential equation solver, implementing Euler numerical integration method
with a fixed time step of 0.001 s has been applied when running the experiments in Matlab/Simulink
environment.
During the tracking process of the reference trajectories, the control signals of all three robot
joints have been simultaneously switched from using only conventional PD controllers to the
proposed sliding mode feedback-error-learning neurocontrol schemes. The gains of the implemented PD controllers have been taken to be very close to those proposed by Quanser Consulting
Inc. for the initial set-up of the manipulator. The recorded experimental results are presented in
Figures 6–9. The response driven by the linear controller only is characterized by a larger value
of the tracking error because of the existing nonlinearity, time-varying inertia and gravitational
loads, and joint friction model uncertainties. Since the NNFC can compensate for these phenomena
through learning, the actual response approached better the desired response. It can be seen that
after the performed switching to the proposed neurocontrol scheme, the CFC torque signals are
suppressed by the NNFCs, the tracking errors are significantly decreased and the joint outputs
closely follow the required trajectories demonstrating a very good tracking performance of the
investigated control scheme.
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Figure 6. Changes in the tracking error (in degrees) for (a) joint 1, (b) joint 2 and (c) joint 3 when
switching from conventional PD to sliding mode neuro-adaptive control.
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Figure 7. Changes of the PD control signal (torque) for (a) joint 1, (b) joint 2 and (c) joint 3 when
switching to sliding mode neuro-adaptive control.
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Figure 8. Changes in the neurocontroller output signal (torque) for the (a) joint 1, (b) joint 2 and (c) joint 3
when switching to sliding mode neuro-adaptive control.
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Figure 9. The tracked trajectory (in degrees) of (a) joint 1, (b) joint 2 and (c) joint 3.
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4. CONCLUSIONS
A novel approach for generating and maintaining sliding motion in the behaviour of a system with
uncertainties in its dynamics is introduced. The system under control is under a closed loop simultaneously with a conventional PD controller and an adaptive variable structure neural controller.
The experimental results obtained from a real-time trajectory tracking control of the first three
joints of an articulated five degrees-of-freedom robot manipulator demonstrate that the proposed
NN-based controller possesses a remarkable learning capability to control complex dynamical systems, virtually without requiring a priori knowledge of the plant dynamics and laborious start-up
procedures. Another prominent feature that should be emphasized is the computational simplicity
of the proposed approach.
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