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Fuzzy Wavelet Neural Networks for Identification
and Control of Dynamic Plants—A Novel
Structure and a Comparative Study
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Abstract—One of the main problems for effective control of an
uncertain system is the creation of the proper knowledge base for
the control system. In this paper, the integration of fuzzy set theory
and wavelet neural networks (WNNs) is proposed to alleviate the
problem. The proposed fuzzy WNN is constructed on the base
of a set of fuzzy rules. Each rule includes a wavelet function
in the consequent part of the rule. The parameter update rules
of the system are derived based on the gradient descent method.
The structure is tested for the identification and the control of the
dynamic plants commonly used in the literature. It is seen that
the proposed structure results in a better performance despite its
smaller parameter space.
Index Terms—Control, fuzzy wavelet neural network (FWNN),
identification, wavelet.

I. I NTRODUCTION

I

N MOST technological processes, dynamic systems are
encountered that are characterized with uncertainties in
terms of structure and parameters. These uncertainties cannot
adequately be described by deterministic models, and therefore,
conventional control approaches based on such models are
unlikely to result in the required performance. Under such
conditions, the use of soft computing methodologies can be a
viable alternative.
Fuzzy technology is an effective tool for dealing with complex nonlinear processes that are characterized with ill-defined
and uncertain factors. In this context, fuzzy controllers are often
used in achieving a desired performance; the rule base of which
is created on the base of the knowledge of human experts.
However, for some complicated processes, this knowledge may
not be sufficient, and several approaches [1], [2] have been
proposed for the generation of the IF–THEN rules. Nowadays,
for this purpose, the use of neural networks (NNs) has taken
more importance. In this paper, the combination of fuzzy logic,
NNs, and wavelet technology are used to solve identification
and control of dynamic systems.
In literature, numerous different neural and fuzzy structures
are proposed for solving identification and control problems
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[2]–[10], and their parameter update algorithms are given. A
well-known structure is the adaptive neuro-fuzzy inference
system [2], another one is known as neural fuzzy controller
[3], both being available for implementation under MATLAB/
SIMULINK. In [4], a variable structure system theory-based
training procedure is proposed, and in [5], its use in a neuroadaptive scheme for the control of electrical drives is described,
and experimental results are presented. In [6] and [7], fuzzy
NNs are used for direct adaptive control of dynamic plants and
for robust adaptive control of robot manipulators, respectively.
Some of the neuro-fuzzy structures proposed utilize recurrent
NNs. In [8], a recurrent fuzzy network is used for nonlinear
modeling. In [9], a Takagi–Sugeno–Kang (TSK)-type recurrent
neuro-fuzzy NN (TRFN) is developed, and in [10], the use
of random set theory in a fuzzy scheme for identification of
dynamic plants is considered.
The key factors for the use of NNs in the control field are the
properties that they have such as: learning and generalization
abilities, nonlinear mapping, parallelism of computation, and
vitality. Due to these characteristics, NNs have become very
popular in areas such as artificial behavior, artificial intelligence, control, decision making, identification, robotics, etc.
However, for solving the majority of approximation problems,
NNs require a large number of neurons. Furthermore, the NNs
may get stuck on a local minimum of the error surface, and
the network convergence rate is generally slow. A suitable
approach for overcoming these disadvantages is the use wavelet
functions (WFs) in the network structure. WF is a waveform
that has limited duration and an average value of zero. A
wavelet NN (WNN) has a nonlinear regression structure that
uses localized basis functions in the hidden layer to achieve
the desired input–output mapping. The integration of the localization properties of wavelets and the learning abilities of
NN results in the advantages of WNN over NN for complex
nonlinear system modeling [11], [12], and some researchers
[13]–[17] have used such structures for solving approximation,
classification, prediction, and control problems.
A fuzzy wavelet NN (FWNN) combines wavelet theory with
fuzzy logic and NNs. The synthesis of a fuzzy wavelet neural
inference system includes the determination of the optimal
definitions of the premise and the consequent part of fuzzy
IF–THEN rules. Several researchers [18]–[25] have used a
combination of fuzzy technology and WNN for solving signal
processing and control problems. In [18], a fuzzy system with
a linear combination of basis function is proposed, and in
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[19]–[21], the wavelet network model of a fuzzy inference
system is proposed. In [19], the membership functions are
chosen from a family of scaling functions, and the fuzzy
system is developed by using wavelet techniques. A fuzzy
wavelet network that includes the combination of three subnets: pattern recognition subnet, fuzzy reasoning subnet, and
control synthesis subnet is presented in [22]. The use of such
multilayer structures complicates the architecture of the system.
An FWNN structure that is constructed on the base of a set of
fuzzy rules is proposed in [23] and used for the approximation
nonlinear functions. Other wavelet-based approaches include
FWNN structures developed for control of dynamic plants [24]
and for time-series prediction [25].
Wavelet transform has the ability to analyze nonstationary
signals to discover their local details. Fuzzy logic allows us to
reduce the complexity of the data and to deal with uncertainty.
Their combination allows us to develop a system with fast
learning capability that can describe nonlinear systems that
are characterized with uncertainties. NNs have self-learning
characteristics that increases the accuracy of the model. In this
paper, these methodologies are combined to construct a fuzzy
wavelet neural inference system to solve identification and control problems. In the following section, its seven-layer structure
is explained. In Section III, the parameter update rules based
on the gradient descent method are derived. In Section IV,
the simulation studies are presented for both identification and
control cases. The plant models considered are taken from the
literature to enable a direct comparison of the proposed network
with other approaches reported.
II. FWNN
Wavelets are defined in the following form:


1
x − bj
,
aj = 0
Ψj (x) = |aj |− 2 ψ
aj

(1)

where Ψj (x) represents the family of wavelets obtained
from the single ψ(x) function by dilations and translations,
where aj = {aij , a2j , . . . , amj } and bj = {b1j , b2j , . . . , bmj }
are the dilation and the translation parameters, respectively.
x = {x1 , x2 , . . . , xm } are the input signals, j = 1, . . . , n. ψ(x)
is localized in both time space and frequency space and is called
a mother wavelet.
Wavelet networks include WFs in the neurons of the hidden
layer of the network. The output of WNN is calculated as
y=

k

j=1

wj Ψj (x) =

k

j=1

− 12

wj |aj |


ψ

x − bj
aj

Fig. 1.

Mexican Hat wavelet.

number of methods are proposed in literature for the initialization of the wavelets, such as the orthogonal least square
procedure [12] and the clustering method [15]. An optimal
initial choice of the dilation and the translation parameters
of the wavelet increases the training speed and results in fast
convergence. The approximation and convergence properties of
WNN are presented in [14].
This paper presents an FWNN that integrates WFs with
TSK fuzzy model. The kernel of the fuzzy system is the
fuzzy knowledge base that consists of the input–output data
points of the system interpreted into linguistic fuzzy rules.
The consequent parts of TSK-type fuzzy IF–THEN rules are
represented by either a constant or a function. In most fuzzy and
neuro-fuzzy models, the function is a linear combination of the
input variables plus a constant term. TSK-type systems cannot,
in general, model complex processes with desired accuracy
using a certain number of rules. These systems do not have
localizability, instead model the global features of the process,
and their convergence is generally slow. The consequent part
of these TSK-type fuzzy networks do not provide full mapping
capabilities, and, in the case of modeling of complex nonlinear
processes, may require a high number of rules in order to
achieve the desired accuracy. Increasing the number of the rules
leads to an increase in the number of neurons in the hidden layer
of the network. In this paper, the use of wavelet (rather than
linear) functions are proposed to improve the computational
power of the neuro-fuzzy system. The rules used thus have the
following form:
If x1 is A11 and x2 is A12 and . . . and xm is A1m
Then y1 =

m


2

 − zi1
2
e 2
wi1 1 − zi1

i=1

If x1 is A21 and x2 is A22 and . . . and xm is A2m


(2)

where Ψj (x) is the WF of the jth unit of the hidden layer, wj
are weight coefficients between the input and the hidden layers,
ai and bj are the parameters of WF as described above. WNN
has good generalization ability, can approximate complex functions to some precision very compactly, and can be easily
trained than other networks, such as multilayer perceptrons and
radial-based networks [12], [15]. A good initialization of the
parameters of WNNs enables to obtain fast convergence. A

Then y2 =

m


2

 − zi2
2
e 2
wi2 1 − zi2

i=1

If x1 is An1 and x2 is An2 and . . . and xm is Anm
Then yn =

m


2

 − zin
2
e 2
win 1 − zin

i=1

(3)
where x1 , x2 , . . . , xm are the input variables, y1 , y2 , . . . , yn are
the output variables, Aij is a membership function for ith rule
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Structure of FWNN.

of the jth input defined as a Gaussian function. Conclusion
parts of the rules contain Mexican Hat WFs (Fig. 1). The use
of wavelets with different dilation and translation values allows
us to capture different behaviors and the essential features of
the nonlinear model under these fuzzy rules. The proper fuzzy
model that is described by the set of IF–THEN rules can be
obtained by learning the dilation and the translation parameters
of the conclusion parts and the parameters of the membership
function of the premise parts. Here, because of the use of
wavelets, the computational strength and the generalization
ability of FWNN are improved, and FWNN can describe the
nonlinear process with the desired accuracy.
The structure of FWNN proposed in this paper is depicted
in Fig. 2. It includes seven layers. In the first layer, the number
of nodes is equal to the number of input signals. These nodes
are used for distributing input signals. In the second layer, each
node corresponds to one linguistic term. For each input signal
entering into the system, the membership degree to the fuzzy
set, which that input value belongs to, is calculated. To describe
the linguistic terms, the Gaussian membership functions are
used
−

ηj (xi ) = e

(xi −cij )2
σ2
ij

,

i = 1, . . . , m,

j = 1, . . . , n.

(4)

fuzzy rule. Here, to calculate the values of the output
signals

of the layer AND (min) operation is used. Below, represents
the min operation:

µj (x) =
ηj (xi ),
i = 1, . . . , m, j = 1, . . . , n. (5)
i

These µj (x) signals are the input signals for the next layer,
which is the consequent layer. It includes n WFs. In the fifth
layer, the output signals of the third layer are multiplied by
the output signals of the WFs. The output of the lth wavelet
is calculated as
yl = wl Ψl (z),

Ψl (z) =

 zil2
1 
|ail |− 2 1 − zil2 e− 2 .

(6)

i=1

Here, zil = (xi − bil )/ail and ail and bil are the parameters
of the WF between the ith (i = 1, . . . , n) input and the lth output of (l = 1, . . . , n) the wavelet. In the sixth and the seventh
layers, the defuzzification is made to calculate the output of the
whole network. In this layer, the contribution of each wavelet
to the output of the FWNN is determined
 n
n


µl (x)yl
µl (x).
(7)
u=
l=1

In (4), m is the number of external input signals, n is the
number of fuzzy rules (hidden neurons in third layer), cij and
σij are the center and the width of the Gaussian membership
functions of the jth term of ith input variable, respectively, and
ηj (xi ) is the membership function of the ith input variable for
the jth term.
In the third layer, the number of nodes correspond to the
number of rules R1 , R2 , . . . , Rn . Each node represents one

m


l=1

Here, yl are the output signals of the wavelet NNs.
The number of parameters N to be updated in the FWNN
structure is given by
N = Number of parameters of the Gaussians
+ Number of parameters of the wavelets
+ number of weights (w).
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The number of linguistic terms for each input is equal to the
number of fuzzy rules.
In [19]–[24], some fuzzy wavelet structures have been designed. In this paper, the consequent parts of fuzzy rules are
computed using (6). In contrast to the other FWNN structures
seen in the literature, in this paper, a variable z is used in the
wavelet, defined as z = (x − b)/a, where a and b are the
parameters of the WF, and x is input signal of the network.
That is to say, the difference between the input signal x and
the Mexican-hat wavelet center is calculated. In the existing
literature, e.g., [18], [23], the input signal x is directly used
as a parameter of the wavelet.
The constructed FWNN structure has the following advantages: The FWNN is constructed on the basis of fuzzy rules
that include WFs in the consequent parts of the rules. A wavelet
is a nonlinear function of input linguistic variables that have
local property. The use of such a structure allows the FWNN to
approximate complex functions more effectively. Furthermore,
the FWNN model has a smaller network size and faster learning
speed than other modeling structures as will be demonstrated in
this paper.
III. P ARAMETER U PDATE R ULES FOR L EARNING
In this paper, a gradient-based learning algorithm with adaptive learning rate is adopted. The latter guarantees the convergence and speeds up the learning of the network. In addition,
a momentum is used to speed-up the learning process. The
parameter to be updated are the parameters of the membership
functions in the second layer of the network (cij (t) and σij (t);
i = 1, . . . , n, j = 1, . . . , m) and the parameters of wavelets
(ail (t), bil (t),wl (t); i = 1, . . . , m, l = 1, . . . , n) in the consequent part. The initial values are generated randomly.
At the first step, the value of the following cost function is
calculated:
2
1  d
u − ui .
2 i=1 i
O

E=

(8)

Here, O is the number of output signals of the network
(in our case, O = 1), and udi and ui are the desired and the
current output values of the network, respectively. The parameters wl , ail , bil , (i = 1, . . . , m, l = 1, . . . , n) of the wavelet
NN and the parameters of the membership functions cij and
σij (i = 1, . . . , m, j = 1, . . . , n) of the neuro-fuzzy structure
are adjusted by using the following formulas:
wl (t + 1) = wl (t) − γ

∂E
+ λ (wl (t) − wl (t − 1))
∂wl

ail (t + 1) = ail (t) − γ

∂E
+ λ (ail (t) − ail (t − 1))
∂ail

bil (t + 1) = bil (t) − γ

∂E
+ λ (bil (t) − bil (t − 1))
∂bil

cij (t + 1) = cij (t) − γ

∂E
∂E
; σij (t + 1) = σij (t) − γ
∂cij
∂σij

(9)

(10)

where γ is the learning rate, λ is the momentum, m is the
number of input signals of the network (input neurons), and
n is the number of rules (the hidden neurons). i = 1, . . . , m,
j = 1, . . . , n, and l = 1, . . . , n.
The values of derivatives in (9) can be calculated by the
following formulas:
 n



∂E ∂u ∂yl
∂E
=
= u(t) − ud (t) · µl · ψ(zl )
µl
∂wl
∂u ∂yl ∂wl
i=1
∂E
∂E ∂u ∂yl ∂ψl ∂zil
=
∂ail
∂u ∂yl ∂ψl ∂zil ∂ail


= δl 3.5zil2

−

zil4

 zil2
− 0.5 e− 2

∂E
∂E ∂u ∂yl ∂ψl ∂zl
=
∂bil
∂u ∂yl ∂ψl ∂zl ∂bl

z2


il
= δl 3zil − zil3 e− 2




a3il


a3il

(11)

where δi = (∂E/∂u)(∂u/∂yl )(∂yl ∂ψl ) = (u(t)−ud (t)) · µl ·
wl / ni=1 µl , i = 1, . . . , m, l = 1, . . . , n.
The derivatives in (10) are determined by the following
formulas:
 ∂E ∂u ∂µj ∂E
 ∂E ∂u ∂µj
∂E
=
;
=
∂cij
∂u ∂µj ∂cij ∂σij
∂u ∂µj ∂σij
j
j
(12)
∂E
∂u
= u(t) − ud (t);
=
∂u
∂µj

2(x −c )
 µj (xi ) σi 2 ij ,
∂µj (xi )
ij
=

∂cij
0,

2(x −c )2
 µj (xi ) iσ3 ij ,
∂µj (xi )
ij
=

∂σij
0,

yj − u
n
j=1 µj

(13)

if i node is connected
to rule node j
otherwise

(14)

if i node is connected
(15)

to rule node j
otherwise.

Here, i = 1, . . . , m, j = 1, . . . , n. Using (11)–(15), the
derivatives in (9) and (10) are calculated and an update of the
parameters of the FWNN is carried out.
One of the important problems in learning algorithms is the
convergence. The convergence of the gradient descent method
depends on the selection of the initial values of the learning rate
and the momentum term. Usually, these values are selected in
the interval [0–1]. A large value of the learning rate may lead to
nonstable learning; a small value of learning rate leads to slow
learning speed. In this paper, an adaptive approach is used for
updating these parameters. That is, the learning of NN parameters is started with a small value of learning rate γ. During
learning, the value of γ is increased if the value of change of
error ∆E = E(t) − E(t + 1) is positive, and the learning rate
is decreased if the change in the error ∆E = E(t) − E(t + 1)
is negative. This strategy leads to stable learning of the FWNN,
guarantees the convergence, and speeds up the learning of
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Identification scheme.

FWNN. In addition, a momentum term is used to speedup
learning processes.
IV. S IMULATION S TUDIES
In order to evaluate the performance of the proposed structure, a number of simulation studies are carried out for both
identification and control purposes; the plant models are taken
from literature in order to be able to make a direct performance
comparison.

Fig. 4. RMSE values obtained during learning.

A. Identiﬁcation Performance Studies
The identification problem involves finding the relation between the input and the output of the system. In Fig. 3, the
structure of the identification scheme is shown. The inputs to
the FWNN identifier are the external input signals, its one-,
. . . , di —step delayed values and the one-, two-, . . . , do —step
delayed outputs of the plant. Here, the problem is to find such
values of parameters of FWNN by using them in the system
for all input values of u(k) the difference between plant output
y(k) and network output yn (k) will be minimum. Here, y(k) is
plant output, yn (k) is output of FWNN system.
Example 1: As an example, identification of a nonlinear
plant using FWNN is considered. The plant is described as
y(k) = 0.72y(k − 1) + 0.025y(k − 2)u(k − 1)
+ 0.01u2 (k − 2) + 0.2u(k − 3).

(16)

The mathematical model of dynamic plant is the same as that
used in [26]. As can be seen, the current output of plant depends
on previous input and output signals. However, only the current
state of system and the control signal are fed into the FWNN as
inputs. The identification is performed for two cases. In the first
case, three fuzzy rules and, in the second case, five fuzzy rules
are used in FWNN structure. The gradient descent algorithm
is applied for learning of the parameter values of FWNN. The
initial values of the parameters of the FWNN are generated
in the interval [−1, 1]. For the identification of the plant, the
following excitation signal is used:

sin(πk/25),
k < 250



250 ≤ k < 500
 1.0,
500 ≤ k < 750
u(k) = −1.0,


0.3
sin(πk/25)
+
0.1
sin(πk/32)


+ 0.6 sin(πk/10),
750 ≤ k < 1000.
(17)
Using the parameter update rules derived above, the learning
of the parameter values of FWNN for the given input signals is

Fig. 5. Results of identification, where solid line denotes the output of the
plant, dashed line denotes the FWNN output.

carried out. The training is continued for 200 epochs with 1000
time steps in each epoch. As a performance criterion, the root
mean square error (RMSE) given in (18) is used with K = 1000

k
2
i=1 (y(k + 1) − yN (k + 1))
.
(18)
J=
K
As a result of training, three fuzzy rules are generated, and
the other parameters of the FWNN are determined. When the
number of parameters is N = 27 and, the value of RMSE
of identification obtained after training was 0.019736. RMSE
value of FWNN for test data was 0.022609. When number
of parameters is taken 43, the RMSE value of FWNN-based
identification system for training and test data were 0.018713
and 0.020169, respectively. Fig. 4 shows the evolution of the
RMSE values over 200 epochs. Fig. 5 compares the actual
plant output with that of the FWNN identifier. In Table I,
the aforementioned RMSE values are given together with the
values reported in the literature for Elman’s recurrent NN
(ERNN) [27], recurrent self-organizing neural fuzzy inference
network (RSONFIN) [28] and TSK-type fuzzy network with
supervised learning (TRFN-S) [9] models for the same plant
and with the same excitation signal. As can be seen the RMSE
value in FWNN model is less than the other models, despite the
considerably smaller number of parameters to be learned.
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TABLE I
SIMULATION RESULTS OF DIFFERENT MODELS
FOR D YNAMIC P LANT I DENTIFICATION

Fig. 7. Results of identification, where solid line denotes the output of the
plant, dashed line denotes the FWNN output.
TABLE II
SIMULATION RESULTS OF DIFFERENT MODELS FOR
DYNAMIC PLANT IDENTIFICATION

Fig. 6. RMSE values obtained during learning.

Example 2: This example considers the second-order nonlinear plant that has been used in [9], [26]. The process is
described by the following difference equation:
y(k + 1) = f (y(k), y(k−1)y(k−2), u(k), u(k−1)) .

(19)

From above
x1 x2 x3 x5 (x3 − 1) + x4
f (x1 , x2 , x3 , x4 , x5 ) =
1 + x23 + x22

Fig. 8.

(20)

and y(k − 1), y(k − 2), y(k − 3) are one-, two- and three-step
delayed outputs of the plant, respectively, u(k) and u(k − 1)
are current and one-step delayed inputs of the plant, respectively. The identification of the same plant by using different
models are considered in [9] and [28]. For the simulation
studies, the current state of system and the control signal are
used as the one used for the previous example.
As before, the values of the FWNN parameters are initialized
in the interval [−1, 1] and updated by the parameter update
rules derived. After training three fuzzy rules are generated.
Figs. 6 and 7 show the performance of the FWNN, and Table II
compares the RMSE values with the other approaches reported
in the literature, namely recurrent fuzzy NN, RSONFIN [28],
feedforward neural fuzzy system, and TRFN-S [9].
B. Control Performance Studies
In this section, the performance of the proposed FWNN is
investigated when used for control purposes. The structure of
the FWNN-based control system is as shown in Fig. 8. Here,

Structure of FWNN-based control system.

y(k) is the output signal of the plant, g(k) is the set-point signal,
e(k) and e (k) are the error and the change in error, respectively.
D represents the difference of error. Using these signals, the
learning of the parameters of the FWNN structure is carried out
in a closed-loop fashion, and thus, the IF–THEN rules of the
controller is generated. The consequent parts of the rules result
in the control signal to be applied to the plant.
Example 3: In this example, the proposed FWNN structure
is used for the control of the dynamic described by the following difference equation:
y(k) =

y(k − 1)y(k − 2) (y(k − 1) + 2.5)
+ u(k).
(1 + y(k − 1)2 + y(k − 2)2 )

(21)

The FWNN structure has 27 parameters to be updated. The
initial values of the parameters of FWNNs are generated randomly, in the interval [−10, 10]. The three fuzzy rules are used
in FWNN structure. The parameters of the FWNN are updated
using different set-point signals. The RMSE value, which is
calculated by (18), is taken as the performance criterion. The
number of data points used for training is 200. The training
of FWNN system is performed for 200 data points. Fig. 9
shows the evolution of the RMSE values over 200 epochs.
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Fig. 11. RMSE values obtained during learning.

Fig. 9.

RMSE values obtained during learning.

Fig. 10. Time response characteristic of control systems with FWNN for
different values of set-point input signals. Dashed line is set-point signal, solid
line is plant output.

Fig. 12. Time response characteristic of control systems with FWNN for
different values of set-point input signals. Dashed line is set-point signal, solid
line is plant output.
TABLE IV
SIMULATION RESULTS OF FWNN-BASED CONTROL OF DYNAMIC PLANT

TABLE III
SIMULATION RESULTS OF FWNN-BASED CONTROL OF DYNAMIC PLANT

In Fig. 10, the time response characteristics of the control
system are shown. The best and the averaged RMSE values
over 200 time steps are given in Table III. This performance
is compared with the other methods proposed in the literature,
namely ERNN with genetic algorithm (ERNN+GA) [27] and
TRFN with genetic learning (TRFN-G) [9]. As can be seen, the
RMSE value for the FWNN model is less than that of the other
approaches.
Example 4: As the last example the FWNN-based control
system is used for the control of the dynamic plant (16) given
in Example 1. The parameters of the FWNN are updated using
different set-point signals for 200 data points. The simulation
studies carried out are similar to those in Example 3. Figs. 11
and 12 show the performance of the FWNN, and Table IV
compares the best and averaged RMSE values with the other
approaches. As can be seen, the performance of the FWNN

is significantly better than those that can be obtained with
ERNN+GA [27] and TRFN-G [9].
V. C ONCLUSION
In this paper, a novel adaptive structure is proposed for
identification and control of dynamic plants that combines the
advantages of WF, NNs and fuzzy logic. The parameter update
rules of the structure are derived based on the gradient descent
algorithm. Several simulation studies are carried out for both
identification and control purposes. The plant models are taken
from the literature to enable a direct performance comparison.
It is seen that FWNN can converge faster and is more adaptive
to new data. In both the identification and the control cases, the
performance is much better, resulting in smaller RMSE values,
despite the smaller number of parameters. Future works on the
topic includes the use of genetic algorithms for the optimization
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of the structure of the FWNN and the extending of the research
for the control of uncertain plants.
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